In the present paper, we propose a discrete-time nonlinear observer (DNO) design method and an unknown disturbance estimation and compensation procedure based on DNO. The proof of the boundedness of the estimated error is derived based on the Lyapunov stability theorem. The proposed unknown disturbance estimation method is applied to a dual-stage actuator system of a hard drive (HDD) system. The effectiveness of the proposed method is verified through numerical simulations. The obtained results indicate that the proposed discrete-time unknown disturbance observer provides sufficient estimation performance even for relatively low sampling frequencies. In addition, control input compensation using the estimated disturbance signal provides effective performance.
INTRODUCTION
Precise servo control of the head position of hard disk drive (HDD) systems is required for the improvement of recording density (Yamaguchi et al. (2007) ). For this purpose, a precise servo control method based on an unknown disturbance estimator has been proposed by Kinoshita et al. (2010) and this method provides good performance. The conventional method proposed by Kinoshita et al. (2010) consists of two components. The first component is unknown disturbance estimation, and the second component is compensation using the estimated disturbance signal. For the first component, an unknown disturbance estimator is designed using a sliding mode observer (SMO). The SMO design method proposed by Edwards et al. (2000) for fault detection and isolation provides good performance. In addition, Nakazawa et al. (2009) and Chida et al. (2010) proposed a modified version of the SMO design method proposed by Edwards et al. (2000) . These methods can be used to estimate unknown faults of both the input and output of a plant. Since unknown faults are ordinarily equivalent to unknown input/output disturbances, these methods can also be used for the estimation of unknown disturbances. The estimated signal is used to compensate the position control. For this purpose, unknown disturbances are estimated as equivalent input disturbances, even if the disturbances apply to the output. The estimated signal can then be used as a control input that compensates for the disturbances. The compensation method is applied to a plant with a feedback control. A similar method has been proposed by Patton et al. (2009) for friction compensation. In the conventional method, the Euler approximation was used for discretization of the observer. Using the Euler approximation, the SMO is discretized, and an unknown disturbance estimator is obtained based on the discretized SMO. However, the discretized SMO does not guarantee the stability of an unknown disturbance estimator in discrete time. If sampling frequency is not sufficiently high, the SMO becomes unstable. This is a critical problem when this method is applied to the HDD control system. Moreover, the conventional method has poor visibility for designing parameters because parameters are designed in a continuous-time system. Although Furuta (1990) and Chan (1991) proposed methods for applying sliding mode control to discrete-time systems, these methods have structures that differ from Edwards' SMO and cannot be used to estimate disturbances in the conventional scenario. These problems limit the application of the conventional method to a real system. In the present paper, a discrete-time nonlinear observer design method and an unknown disturbance estimation and compensation procedure based on a discrete-time nonlinear observer are proposed. The structure of the discrete-time nonlinear observer is based on Edwards' SMO. In the proposed method, the Lyapunov stability theorem is used to guarantee the convergence of the estimation error to a bound within the boundary layer. Veluvolu et al. (2007) and Veluvolu et al. (2009) proposed a discrete-time sliding-mode disturbance estimation of nonlinear systems. In contrast, the proposed method in the present paper aims to increase in performance of estimation of unknown disturbance in discrete time by using the structure based on Edwards' SMO. The estimated signal obtained by the proposed method is used for compensation of the position control in a manner similar to that used in the conventional method proposed by Kinoshita et al. (2010) . The estimation and control performance of the designed controller is evaluated through numerical simulations using a dual-stage actuator system, and the proposed method is demonstrated to have effective disturbance attenuation properties for highfrequency disturbances at realistic sampling frequencies.
PROBLEM STATEMENT
Consider the nominal linear system subject to unknown disturbances described bẏ
( 1 )
where A ∈ R n×n , B ∈ R n×m , C ∈ R p×n with m ≤ p < n, and the matrices B and C are of full rank. Here, d i (t) and d o (t) are unknown input and output disturbances, respectively. And assumed that the following conditions, C1 and C2, are satisfied in the nominal linear system given in (1).
C1 rank(CB) =rank(B)
C2 Invariant zero of (A, B, C) are stable
In the present paper, a rejection problem of unknown disturbances, d i (t) and d o (t), is considered. In the case that d i (t) and d o (t) include frequency elements in a relatively high frequency band, it is not appropriate for all of the disturbances to be attenuated using feedback. Therefore, in such cases, a procedure in which the disturbances are precisely estimated by a disturbance observer and are compensated by the estimated values is appropriate. In this scenario, a disturbance observer based on the discretetime nonlinear observer is applied.
CONVENTIONAL METHOD

Design of an SMO in the continuous-time domain
If it is assumed that conditions, C1 and C2, are satisfied in the nominal linear system given in (1), then the following unknown disturbance observer based on the SMO proposed by Edwards et al. (2000) is used:
where G l and G n are appropriate gain matrices, v(t) represents the nonlinear input to induce a sliding motion, P 2 > 0, and ρ satisfies the following equations:
In the SMO, G l sets the eigenvalues of the state estimation error system to be stable. In addition, v(t) is designed so as to guarantee the convergence of the estimation error under disturbances.
Unknown input disturbance estimation by Edwards' method
In the method proposed by Edwards et al. (2000) , the output disturbance is neglected, i.e., d o (t) = 0. The system is assumed to be constrained in the sliding mode, i.e., e y (t) =ė y (t) = 0. Using the concept of equivalent control in sliding mode control, the estimated value of d i is obtained as follows:
where v δ (t) is the continuous approximation of v(t), and δ is a small positive scalar.
Discretization of the SMO
Using the Euler approximation,ẋ(t)
the SMO is discretized as follows:
( 7 ) where τ is the sampling interval. Equation (7) works well if τ is sufficiently small, but the computation error associated with the approximation affects the estimation performance. Therefore, the terms of Aτ + I and Bτ are replaced as follows:
Then, the SMO in discrete time is described aŝ
The estimator of Eq. (10) is used in the present paper.
It is necessary to satisfy
. . , n) so that the discretized SMO becomes stable. However, at low sampling frequencies, the stability condition of the discretized SMO is not satisfied by the computation error associated with the approximation. In addition, the discretized SMO is not guaranteed to converge the estimation error under disturbances. In the following section, an improved method for solve the problem will be introduced.
UNKNOWN DISTURBANCE OBSERVER DESIGN BY DISCRETE-TIME NONLINEAR OBSERVER
Discretization of the Plant
Using the zero-order hold, the plant is discretized as follows:
where output disturbance is neglected, i.e., d o [k] = 0. And assumed that the following conditions, C1 and C2 , are satisfied in (11).
Above conditions are satisfied in most cases that conditions, C1 and C2, are satisfied in the continuous system given in (1). The proposed method is derived based on this discretized plant.
Design of a Discrete-time Nonlinear Observer
In the present paper, the nonlinear observer is based on the SMO proposed by Edwards et al. (2000) . If it is assumed that conditions C1 and C2 are satisfied in the discretetime dynamic system given in (11), then a discrete-time nonlinear observer can be designed as follows. First, the plant (11) is transformed into the following canonical form using an appropriate transformation matrix T m . It is proven that T m exists, such that A d11 is stable, and if there are invariant zeros of (A d , B d , C), then these zeros become poles of A d11 .
where x 1 ∈ R n−p and x 2 ∈ R p . The above coordinate system will be used as a platform for the design of a nonlinear observer. The discrete-time nonlinear observer is described as follows:
is a design parameter, andṽ[k] is a nonlinear input term, which will be formally defined later. If the state estimation errors are defined as
, then it is straightforward to show that
Next, we show that the eigenvalues of A d11 and A s d22
become the eigenvalues of the system matrix of the state estimation error system. Since the invariant zeros of (A d , B d , C) become poles of A d11 , the positions of the zeros affect the performance of the nonlinear observer. The discrete-time nonlinear observer in the original coordinates is described as follows:
where gainsG l andG n are given as follows:
The nonlinear input termṽ[k] will be designed such that e y [k] is bounded.
Designing the nonlinear input term
The following proposition shows that the state estimation error system is bounded. Proposition 1. Ifṽ[k] is defined as follows:
where P 2 (> 0) ∈ R p×p is the solution of Lyapunov equation that satisfies the following equation:
then the state estimation error system is bounded.
Proof. See the appendix.
Unknown input disturbance estimation by the discrete -time nonlinear observer
In the proposed method, the output disturbance is neglected, i.e., d o (t) = 0. The system error is derived by (12) and (13). Since the eigenvalues of A d11 are stable, it is assumed that e 1 [k] → 0 (k → ∞). Furthermore, the system is assumed to be constrained in the boundary layer, i.e., e
whereṽ[k] is replaced by the continuous approximatioñ
where δ is a small positive scalar. Then, the disturbance estimation value is derived as follows:
whered i is used as the control input to compensate for disturbances in the discrete-time domain. 
PLANT AND DISTURBANCE
Plant
In the present paper, a dual-stage actuator system of the HDD, as shown in Li and Horowitz (2002) , is considered as a plant. The dual-stage actuator system consists of two types of actuator, namely, VCM and PZT actuators, as shown in Figs. 1 and 2. In the present paper, the PZT actuator system is considered as a plant, and the VCM actuator is not taken into account. The state space model from the PZT actuator command to the position of the head can be described in the form of (1). The frequency response of the transfer function of the PZT actuator is shown in Fig. 3 . The parameters of the plant are shown in Tables 1 and 2 . 
Disturbances
In (1), the input disturbance d i (t) is due to hydrodynamic forces caused by the air, and the output disturbance d o (t) is caused by position disturbances, such as the flutter disturbance, that affect the head positioning signal generated by the disk rotation. In the present paper, d i (t) is assumed to be a white-noise-type disturbance up to a bandwidth of 15kHz, and d o (t) is derived from a white noise through a filter, G f (s). The filter G f (s) is a model based on the disk dynamics. The parameters of G f (s) are shown in Table 3 .
The time and frequency responses of d i (t) and d o (t) are shown in Figs. 4 and 5, respectively.
For the cases in which both the output disturbances and the input disturbances are applied to the plant (1), a technique for handling the disturbances as input or output disturbances has been proposed by Kinoshita et al. (2010) . 
where the estimated signal of d is derived asd using (6). Here,d is used as the control input that compensates for the disturbance. Using (22), in application for dual-stage system, the system that neglects the output disturbance is used as a platform for the design of the unknown disturbance observer.
NONLINEAR OBSERVER DESIGN FOR THE DUAL-STAGE SYSTEM
Augmented output for nonlinear observer design
Since the dual-stage system does not satisfy design condition C1 , modifications are required. For this purpose, additional outputs y are introduced, and the state-space equation is given as follows:
where the output is redefined asȳ = [ y y ] T , and C y is the coefficient matrix corresponding to y . Since the state equation (23) is equivalent to the plant (1), the nonlinear observer design procedure described in the previous section can be applied to the modified plant. In contrast, the output equation is modified as follows. If C y in (23) is specified such that condition C1 is satisfied, then a nonlinear observer can be designed. Therefore, the problem is to specify C y that satisfies condition C1 and derives measurable output y .
Differential filter design
The selection of C y in (23) should be specified such that (A, B, C y ) includes invariant zeros that are located in the desirable area. The transfer function from u to y of the plant (1) is given as
where a i and c j are positive constants. As shown in Table  2 , n p (s) is stable despite including zeros that are close to the imaginary axis. Since the zeros become eigenvalues of A 11 , the unknown disturbance observer does not provide good performance. In order to improve the performance of the unknown disturbance observer, it is required the invariant zeros to move to the desired area. The following n d (s) is specified such that it includes desirable roots and a differentiator:
and the additional output y is introduced and described as
where y is then derived by specifying an appropriate output matrix, C y , as the following state space equation:ẋ
In this case, the system (28) satisfies design condition C1 . Moreover, the system does not include invariant zeros that are close to the imaginary axis. Since the transfer functions from u to y and y are given by P (s) andP (s), respectively. The remained problem is how to obtain the signal y (t). y (t) can be obtained as follows:
where σ is a positive constant of the approximate differentiator. Therefore, y (t) is obtained by y(t) through the filter D(s).
Differential filter design in the discrete-time domain
Discretized D(s) is derived as the following. The pulse transfer function from u[k] to y[k] of the plant (11) is given as
Consider the additional outputs y described by
where C y is the same as in (28) 
Note that a denominator polynomial of the pulse transfer function, regardless of the number of zeros in a continuous system, has n − 1 zeros.
APPLICATION RESULTS IN DISCRETE-TIME DESIGN
Design of estimator
The unknown disturbance estimators are designed using the methods described in the previous section (Fig. 6 ). The unknown disturbance estimators consists of (15), (19) and (20) . Note that y and y , which is derived by (29), are used as observational signals in the unknown disturbance estimators. The observer design will be carried out under various conditions. In the observer design, the design parameters are set to A
−2 ), and ρ = 2·10 3 . The sampling frequencies and design parameter δ are shown in Table 4 .
Results obtained by the proposed method
In numerical simulations, comparative result of three cases in Table 4 with the disturbance observer and the conventional method, which is the continuous-time design and discretization by Euler approximation, will be shown. The disturbance observer is designed as dual problem of LQR.
In the conventional method, the sampling frequency cannot be lower than 250kHz, because the SMO becomes unstable at sampling frequencies below 250kHz. The nonlinear observer can be designed by introducing an additional output y . The 3σ of the estimated error for d and the position error are shown in Table 5 . The position error is obtained by input compensation, which is described in the next section. The estimated error for d is evaluated by comparison of estimated disturbance with the equivalent input disturbance using (22). Since P (s)
in (22) is not proper transfer function, P (s) −1 which is an approximation of P (s) −1 and satisfies the causality condition is used, as an alternative to P (s) −1 . The approximation of P (s) −1 in (22) show that the proposed method has superior performance to the conventional methods with respect to the estimation of disturbances. More importantly, Fig. 12 show that the proposed method has applicability to realistic sampling frequencies. This method provides sufficient disturbance estimation performance. The frequency responses show that the estimation performance deteriorates when the sampling interval becomes long. This performance deterioration is caused by quantization error and increase in gain of the equivalent input disturbance at high frequencies. The estimated error for d includes errors that occur during discretization. In addition, the gain of the equivalent input disturbance is magnified at high frequencies when output disturbance d o (t) is handled as input disturbance through the P (s) −1 .
INPUT COMPENSATION BY ESTIMATED DISTURBANCES
The disturbances are compensated using the equivalent input disturbance estimationd(t) as a control input. The control system is shown in Fig. 14 Here, "w/o compensation" indicates that the results were obtained using only the feedback control. Tracking performance is dramatically improved by control input compensation usingd. Compared with the conventional method, the proposed method has good performance for sampling frequencies below 250kHz.
CONCLUSION
In the present paper, we proposed an unknown disturbance estimation and compensation method based on the discrete-time nonlinear observer. The proposed method was applied to a servo control of a dual-stage actuator system. Numerical simulations in discrete-time domain verified that the proposed method can precisely estimate unknown disturbances and that the proposed method is effective for the compensation of control performance at low sampling frequencies. The proposed method, which is based on a nonlinear observer, provides performance superior to that based on Edwards' method and disturbance observer. 
By substituting (.1) and (.2) into (.7), ∆V becomes 
